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Proof

Mathematics is a science and an art, something like a language.
The significant difference between mathematics and the other
sciences is the nature of Proofs.

In mathematics a proof is a correct (well-reasoned, logically
valid) and complete (clear, detailed) argument that rigorously
and undeniably establishes the truth of a mathematical
statement.

Why must the argument be correct and complete?

Correctness prevents us from fooling ourselves.
Completness allows anyone to verify the result.
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Methods of proof can be formalized in terms of rules of logical
inference.

Mathematical proofs can themselves be represented formally
as discrete structures.

We will review both correct and fallacious inference rulles,
and several proof methods.
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Terminology

Theorem - a statement that has been proven to be true (has
a different meaning in the other sciences).

Axioms, postulates, hypothesis, premises, definitions -
Assumptions (often unproven) defining the structures about
which we are reasoning.

Rules of inference - Patterns of logically valid deductions
from hypotheses to conclusions.

Lemma - a minor theorem used as a stepping-stone to
proving a major theorem.

Corollary - a minor theorem proved as an easy consequence
or special case of a major theorem.

Conjecture - a statement whose truth value has not been
proven. (Some conjectures may be widely be believed to be
true regardless).

Theory - The set of all theorems that can be proven from a
given set of axioms and definitions.
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Inference Rules

An Inference rule is a pattern of establishing that if we know that
a set of antecedent statements of certain forms are all true, then
we can deduce that a certain related consequent statement is
true.

As an example:

p → q
¬q

∴ ¬p

This is equivalent to the tautology:

[(p → q) ∧ ¬q]→ ¬p

In general we can always write an inference rule as a tautology:

[(ante. 1) ∧ (ante. 2) ∧ . . . ]→ consequence
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Some Inference Rules

Rule of Addition

p

∴ p ∨ q

Rule of Simplification

p ∧ q

∴ p

Rule of Conjunction

p
q

∴ p ∧ q
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Some Inference Rules

Rule of modus ponens - the mode of affirming

p
p → q

∴ q

Rule of modus tollens - the mode of denying

¬q
p → q

∴ ¬p
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Some Inference Rules

Rule of hypothetical syllogism

p → q
q → r

∴ p → r

Rule of disjunctive syllogism

p ∨ q
¬p

∴ q
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Formal Proof

A formall proof of a conclussion C, given premises p1, p2, . . . pn

consists of a sequence of steps, each of which applies some
inference rule to premises or previously proven statements to yield
a new true statement.

A proof demonstrates that if the premises are true, then the
conslusion is true.

It is not sunny and it is cold.
We will swim only if it is sunny.

If we do not swim, then we will canoe.
If we canoe, then we will be home early.

∴ We will be home early.
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Formal Proof Example

It is not sunny and it is cold.
We will swim only if it is sunny.

If we do not swim, then we will canoe.
If we canoe, then we will be home early.

∴ We will be home early.

Step Proved by

1. ¬sunny ∧ cold Premise # 1
2. ¬sunny Simplification of 1.
3. swim→ sunny Premise # 2
4. ¬swim Modus tollens on 2, 3.
5. ¬swim→ canoe Premise # 3
6. canoe Modus ponens on 4, 5.
7. canoe→ early Premise # 4
8. early Modus ponens on 6, 7.

Basic Proof Methods

Inference Rules for Quantifiers

Universal instantiation - substitute any specific object o

∀x P(x)

∴ o

Universal generalization - for any arbitrary object g

P(g)

∴ ∀x P(x)

Existential instatiation - substitute some constant c

∃x P(x)

∴ P(c)

Existential generalization - substitute some known object o

P(o)

∴ ∃x P(x)
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Common Fallacies

A fallacy is an inference rule or other proof method that is not
logically valid.

Fallacy of affirming the conclusion:

p → q
q

∴ p

Fallacy of denying the hypothesis

p → q
¬p

∴ q

You can show each of these is a Fallacy by verififying that their
statements

[(p → q) ∧ ¬p]→ q

is not a tautology.
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Circular Reasoning

The fallacy of (explicitly or implicitly) assuming the very statement
you are trying to prove in the course of its proof. Example:

Prove that an integer n is even, if n2 is even.

Incorrect Proof:

Proof.

Assume that n2 is even.
Then n2 = 2k for some integer k .
Dividing both sides by n gives n = (2k)/n = 2(k/n).
So there is an integer j (namely k/n ) such that n = 2j .
Therefore n is even.

Notice the problem?

The statement that k/n is an integer has not
been shown, and has implicitly assumed that n is even.
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A correct proof

A correct proof would be:

Proof.

n is either odd or even
If n were odd, then n2 would be odd, since an odd number times
an odd number is always an odd number.
Since n2 is even it is not odd.
Thus, by modus tollens, n is not odd either.
Thus, by disjuntive syllogism, n must be even.

This proof is correct, however it relies on several lemmas we have
not discussed in class which we need to also be able to show are
true.
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Proof Methods for Implications

Many theorems involve implications p → q, and we have some
specialized methods for proving such statements. To improve the
ellucidation of proofs we have named the methods:

Direct Proof: Assume p is true and show that as a
consequence q is true.

Indirect Proof: Assume ¬q is true, and prove that ¬p is true.

Vacous Proof: Prove ¬p.

Trivial Proof: Prove q by itself without p.

Proof by Cases: Show p → (a ∨ b), and a→ q and b → q.
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Direct Proof Example

Theorem

For all numbers n, if n is an odd integer, then n2 is an odd integer.

Proof.

If n is odd, then n = 2k + 1 for some integer k .
Thus n2 = (2k + 1)2 = 4k2 + 4k + 1 = 2(2k2 + 2k) + 1
Therefore n2 is of the form n2 = 2j + 1 for some j .
Therefore n2 is odd.
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Indirect Proof Example

Theorem

For all integers n, if 3n + 2 is odd, then n is odd.

Proof.

We will use an indirect proof:
Suppose that the conclusion is false, i.e. that n is even.
Then n = 2k for some integer k .
Then 3n + 2 = 6k + 2 = 2(3k + 1)
Thus 3n + 2 is even.
So 3n + 2 is not odd, so we have shown that
¬(n is odd)→ ¬(3n + 2 is odd) thus its contrapositive is
true.
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Vacuous Proof Example

Theorem

For all n, if n is both odd and even, then n2 = n + n.

Proof.

The statement “n is both odd and even” is necessarily false, since
no number can be both odd and even. So the Theorem is
vacuously true.
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Trvial Proof Example

Theorem

For integers n, if n is the sum of two prime numbers, then either n
is odd or n is even.

Proof.

Any integer n is either odd or even. So the conclussion of the
implication is true regardless of the truth of the antecedent. Thus
the implication is trivally true. It is in fact a bad theorem, as much
as theorems which are true can be bad.
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Proof by Contradiction

A method for proving a statement p:

Assume ¬p

Show that under this assumption both q and ¬q are true for
some statement q.

Thus, as it is impossible for something to both true and false,
our initial assumption ¬p must be false.
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Proof by Contradiction: Example

Theorem
√

2 is an irrational number.

Proof.

We will use proof by contradiction:
Assum that

√
2 is a rational number:

√
2 = p/q for two (relatively

prime) integers p and q.
Thus 2 = p2/q2 and so p2 = 2q2.
Therefore p2 is an even integer, and so p is an even integer,
p = 2k .
Then 4k2 = 2q2 and so q2 = 2k2.
Therefore q2 is an even integer, and so q is an even integer.
However if both q and p are even, they have a common divisor and
so are not relatively prime.
This is a contradiction! p and q are both relatively prime, and not
relatively prime. Our initial assumption (our only asusmption)
must be false.
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Proving Existentials

A proof of a statement of the form ∃x P(x) is called an
existential proof.

If the proof demonstrates how to actually find or construct a
specific element a such that P(a) is true, then it is a constructive
proof.

Otherwise it is nonconstructive.
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Constructive Existence Proof

Theorem

There exists a positive integer n that is the sum of two perfect
cubes in two different ways: j3 + k3 = l3 + m3 where j , k , l ,m are
positive integers and (j , k) 6= (l ,m).

Proof.

Consider n = 1729, j = 9, k = 10, and l = 1, m = 12. Now just
check that the equalities hold.
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Other examples

Theorem

For any n × n matrix there exists n numbers λ, (up-to multiplicity)
such that Av = λv for some vectors v.
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Nonconstructive Example

Theorem

There are infinitely many prime numbers.

Proof.

Any finite set of numbers must contain a maximal element. So the
theorem is equivalent to saying that there is no largest prime.
In other words, given any prime number, there exists a larger
number which is also prime.
More generally this would follow from the statement: for any
number, there is a larger number which is also prime.
We will prove this statment by cases: Given n, consider x = n! + 1.
We know that either x is prime or x is composite.
Case 1: If x is prime, we are done. (n! + 1 > n).
Case 2: If x is composite, there is a prime p|x . Suppose p ≤ n,
then p mod (x) = 1 (by the construction of x), therefore p > n.
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An Example

Correct or Incorrect?:

At least one of the 42 students in this class is intelligent. Rick is a
student of this class. Therefore Rick is intelligent.

∃x ∈ C P(x)
r ∈ C

∴ P(r)

The premises do not imply the conclusion (we could build an
example) and so the argument is incorrect.
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An Example

Theorem

The sum of a rational number and an irrational number is always
irrational.

∀x , y [( R(x) ∧ I (y))→ I (x + y)]
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An incorrect proof

An incorrect proof of this statement would be

Proof.

1 is rational,
√

2 is irrational, and 1 +
√

2 is irrational. Therefore
the sum of a rational number and an irrational number is an
irrational number. This is a direct proof.

Why does this deserve no credit?

This proof attempts to use an example to prove a universal
statement. This is always an invalid argument.
Furthermore, it also is possibly lacking a proof that 1 +

√
2 is

irrational.
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Correct Proof

Definition

Rational Number Recall that a rational number is a ratio of two
integers: p/q.

An Irrational Number is a number which is not rational.

Proof.

We will use contradiction.
Suppose that for some rational x = p/q and irrational y the
number x + y is rational.

Thus, by definition x + y =
p

q
+ y =

m

n
for some integers p and q.

Thus we have y =
m

n
− p

q
=

mq − np

nq
; and both mq − np and nq

are integers.
Therefore y is a rational number, which is a contradiction of the
premise.

Basic Proof Methods

Notes

Notes

Notes

Notes


