
Gaussian Elimination, Linear Independence and
Rank

September 14, 2011
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Notes

Homework-2 from 7.4-7.5 is available on
https://webwork.utpa.edu

Homework-3 from 7.7-7.8 is available on
https://webwork.utpa.edu

Practice Problems:
7.4 1-10, 17-25
7.7 1-15 (with and without matlab)
7.8 1-17 (with and without matlab)
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Written Homework Assignment: Due 9/21

Our first written homework assignment is:

Set up the system of equations coming from Kirchoff’s Laws (the
total current into a node equals the total current out of a node;
and the sum of the voltages around a closed loop is zero) to find
the three currents in the circuit pictured.

Then use Gauss-Jordan elimination to find them (exactly). Show
all steps.
Is there a choice of resistances so that there is no solution?
infinitely many? 3 / 19

Problem Session

First problem session is tonight: 7:10pm – 8:00pm
Will be in MAGC 1.402. Come with questions.
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Rapid Fire - No Computer

In 60 seconds:
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Rapid Fire - No Computer

In 60 seconds:

Question 1

How many free variables will a system of one equation and five
unkowns have with the maximum rank.
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Rapid Fire - No Computer

In 60 seconds:

Question 2

Find a row-echelon form matrix from a system of four equations
and three unkowns whose solution has one free variable
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Rapid Fire - No Computer

In 60 seconds:

Question 3

Find a row-echelon form matrix from a system of three equations
and four unkowns which has no solutions
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Linear Combinations of Vectors

Consider a set of row vectors a1, a2, . . . , am of size n.

Definition

Linear Combination A linear combination of vectors is another
vector:

a = c1a1 + c2a2 + c3a3 + · · · + cmam

where c1, c2, c3, . . . , cm are scalars.
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Linear Independence and Dependence

Consider a set of row vectors a1, a2, a3, . . . , am.

Definition

Linear Dependence The list of vectors is linearly dependent if there
is a non-trivial choice of scalars c1, c2, . . . , cm such that

c1a1 + c2a2 + c3a3 + · · · + cmam = 0

Definition

Linear Independence The list of vectors is linearly independent if

c1a1 + c2a2 + c3a3 + · · · + cmam = 0

implies that c1 = c2 = · · · = cm = 0
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Rank of a Matrix

Definition

The rank of a matrix A is the maximum number of linearly
independent row vectors of A.

Theorem

Row-equivalent matrices have the same rank
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Rank and row reduction

The row echelon form of a matrix guaruntees that:

The set of rows with a pivot is linearly independent

All other rows are zero.

Theorem

The rank(A) is the number of pivots in the row-echelon form of A.
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Worksheet

With a partner please answer the questions on Linear
Combinations, Linear Independence, and Linear Dependence.
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Rapid Fire

In 30 seconds:

Question

True or False: If the row vectors of a square matrix are linearly
independent then so are the column vectors
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Vector Space

Definition

A Vector Space V is a set of vectors closed under addition and
scalar multiplication.

Basic Example:

Definition

Let a1, a2, . . . , am be a list of length n row vectors. The Span of
a1, a2, . . . am is the set of all linear combinations of these vectors
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Example

The span of (1, 0, 0), and (0, 1, 0) is the xy -plane in xyz-space.
If a list of vectors spans a space it means that ever vector in the
space can be written as a linear combination of the list.
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Basis

Definition

A set of linearly independent vectors which spans a vector space is
called a basis.

Too few vectors – no spanning.

Too many vectors – dependence.

Theorem

If a1, a2, a3, . . . , an and b1,b2,b3, . . . ,bm are both bases for V
then m = n.

Definition

We call the number of elements in a basis of V the dimension of
V .
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Basis

Show that the list of vectors (1, 2, 1), (0, 1, 1), (1,−1, 1) is a basis
of R3.

What do you need to show?
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Basis

Show that the list of vectors (1, 2, 1), (0, 1, 1), (1,−1, 1) is a basis
of R3.

What do you need to show?

We need to show that this list of vectors is both Linearly
Independent and that it spans R3.
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Basis

Show that the list of vectors (1, 2, 1), (0, 1, 1), (1,−1, 1) is a basis
of R3.

What do you need to show?

We need to show that this list of vectors is both Linearly
Independent and that it spans R3.

Spanning means - any other vector (c1, c2, c3) as a linear
combination of the vectors:

x1(1, 2, 1) + x2(0, 1, 1) + x3(1,−1, 1) = (c1, c2, c3)

15 / 19
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Basis

Show that the list of vectors (1, 2, 1), (0, 1, 1), (1,−1, 1) is a basis
of R3.

What do you need to show?

We need to show that this list of vectors is both Linearly
Independent and that it spans R3.

Spanning means - any other vector (c1, c2, c3) as a linear
combination of the vectors:
As a linear system this gives the augmented matrix1 0 1 c1

2 1 −1 c2
1 1 1 c3


Is there a solution for every value of (c1, c2, c3)?
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Basis of Rn

Theorem

The list of vectors a1, a2, . . . , an of Rn spans Rn if the rank of

A =


a1
a2
...
an


is n.
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Three Special Examples

Definition

The Row Space of A is the span of the rows of A.

The Column Space of A is the span of the columns of A.

The Null Space of A is the set of solutions to the
homogeneous problem Ax = 0.
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Row Space and Column Space

Theorem

The dimensions of the Row and Column spaces are both the rank
of the matrix.

For example with the row space:

Two matrices which are row equivalent have the same Row
Space

For a matrix in row echelon form, the rows containing pivots
are linearly independent and span the row space.

The rows containing pivots form a basis of the row space, the
number of pivots is thus the dimension.

18 / 19
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Null Space

The Null Space of a matrix is the set of solutions of the
homogeneous equations

Ax = 0

One notes that a row equivlanet matrix to A will have the same
Null Space.

For an example: (
1 2 0 3
0 0 1 4

)
x = 0

We see that there are pivots in the first and third columns.

The resulting system of equations is

x1 + 2x2+0x3 + 3x4 = 0

x3 + 4x4 = 0

19 / 19

Null Space

The resulting system of equations is

x1 + 2x2+0x3 + 3x4 = 0

x3 + 4x4 = 0

We can solve for x1 and x3:

x1 = −2x2 − 3x4

x3 = −4x4

Implying the (Null) solutions are
−2x2 − 3x4

x2
−4x4
x4


20 / 19
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Null Space

The resulting system of equations is

x1 + 2x2+0x3 + 3x4 = 0

x3 + 4x4 = 0

We can solve for x1 and x3:

x1 = −2x2 − 3x4

x3 = −4x4

Implying the (Null) solutions are
−2x2 − 3x4

x2
−4x4
x4

 x2


−2
1
0
0

+ x4


−3
0
−4
1
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Null Space

The resulting system of equations is

x1 + 2x2+0x3 + 3x4 = 0

x3 + 4x4 = 0

We can solve for x1 and x3:

x1 = −2x2 − 3x4

x3 = −4x4

Implying the (Null) solutions are
−2x2 − 3x4

x2
−4x4
x4


This implies that a basis for the Null space is

[−2, 1, 0, 0]T , [−3, 0,−4, 1]T

and the dimension is 2
20 / 19

Rank Nullity

Theorem (Rank Nullity)

rank(A) + dim(Null Space of A) = The number of columns of A

21 / 19

Notes

Notes

Notes

Notes


